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ERRATA- - 19 February 1968 

The following corrections should be made to Technical Report 
No. 5, Contract NAS8-20290, entitled "Simulated Low Gravity Sloshing 
in Cylindrical Tanks Including Effects of Damping and Small Liquid 
Depth. ' I  

the report .  
All the corrections a r i se  f rom a labeling e r r o r  in Figure 11 of 

1. Page 8,  2nd line above Eq. (8). 
instead of 0.63 as  given; the value of n should be -3/5 instead 
of - 1 / 2  as given. 

The value of A should be 8.20 

2. Page 9, line 2. 
given. 

The value of NBO should be 4.0 instead of 0.03 as 

3.  P a g e  9 ,  lines 5 and 6. 
l ' .  . . of Ref. [ 71 , but, for NBP = 4.0, Eq. (2)  predicts that 
7, = 0.83 N;;td2 t 0.042, which is  about of the correct  numerical 
magnitude. Note, also, that yS varies  with NBO in the same way 
in both Eq. (2)  and Eq. (8). 

Delete the lines given and replace by 

Page 12, 2nd e uation after line 6. This equation should read, 

BO 
3- 4. 

= 0.83 N'l (1 + 8.20 N-3/5), I f  instead of as given. 
GA 

.. 
0.83 N c A  1 /2  

11. The equation given on the figure should read, 

= 8.20 N;33d5.I1 
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FOREWORD 

This report is the fourth in a ser ies  
cerned with fuel sloshing under low-gravity 

of Technical Reports con- 
conditions. Reference to the 

f i rs t  three reports ("Experimental and Theoretical Studies of Liquid 
Sloshing at Simulated Low Gravities, I f  TR No. 2 ,  Contract NAS8-20290, 
20 October 1966; "Low Gravity Liquid Sloshing in an Arbitrary Axisym- 
metric Tank Performing Translational Oscillations, ' I  TR No. 4, Con- 
t ract  NAS8-20290, 20 March 1967; and "Simulated Low-Gravity Sloshing 
in Cylindrical Tanks Including Effects of Damping and Small Liquid 
Depth, ' I  TR No. 5,  29 December 1967) will aid in understanding some of 
the experimental procedures and theoretical analyses that a r e  presented 
in abbreviated form in the present report. 
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ABSTRACT 

Liquid sloshing in cylindrical tanks having inverted ellipsoidal 
bottoms and in spherical tanks is studied experimentally under conditions 
of simulated low gravities. 
determination of the smooth wall damping a r e  emphasized. Results from 
cylindrical tanks a r e  qualitatively similar to results obtained previously 
with cylindrical tanks having flat bottoms; significant differences f rom 
previous results for natural frequency and slosh damping a r e  apparent, 
how,ever, for small  liquid depths. 
coefficient as a function of h /d ,  NGAy and NBO a r e  presented. Results 
from spherical  tanks show that the variation in free surface curvature 
with liquid depth has a strong effect on the natural frequency; in fact, 
increased curvature in spherical tanks as compared to cylindrical tanks 
causes the natural frequency to decrease as NBO decreases,  which is 
just the opposite of the variation obtained with cylindrical tanks. The 
damping in spherical  tanks is shown to be a minimum when the tank is 
half-full; when hav/d = 0.50 (half-full),ys is about 5070 less  than ys when 
h,/d = 0.25, and about 10 to  20% l ess  than when ha,/d = 0.75. 

The effects of variable liquid depth and the 

Correlation equations for the damping 
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I. INTRODUCTION 

It is now well recognized that the behavior of contained liquid 
fuels under reduced gravity conditions is as important to the success of 
a space system's mission as the behavior of the liquid under normal 
gravity or thrusting conditions. Unfortunately, the lack of an easily 
accessible low-gravity laboratory has prevented the gathering of engineering 
data under truly low-gravity conditions; but, for some purposes, such as 
determining the slosh behavior of the liquid fuel, it is acceptable to simu- 
late low-g (i. e. , small Bond numbers) by using tanks of such small 
diameter in the tests that the forces at the liquid-free surface are com- 
parable to the body or gravity forces,  Valuable data on slosh forces,  
frequencies, and damping have already been obtained by this 
method [ 1, 2 ,  3, 41. t Furthermore,  in those cases where theoretical 
results or actual low-g data exist, the results obtained using simulated 
low-g compare very well to them. 

The purpose of the work reported here  was to conduct an explora- 
tory program of research concerned with sloshing under moderately low 
simulated gravities (Bond numbers of about 10 to 100) in two different 
tank geometries of practical interest, namely, spherical tanks and cylin- 
drical  tanks with inverted ellipsoidal bottoms. Three different liquids 
(carbon tetrachloride, methanol, and acetone) were tested in two different 
spherical  tanks (diameters: 1.36 in. and 1.04 in. ) and four different 
cylindrical tanks (diameters: 1.36 in. ,  1.04 in., 0.688 in . ,  and 0.383 in. ). 
The cylindrical tanks were made of glass,  although the bottoms were 
aluminum, but, for fabrication reasons, the spherical tanks were made 
entirely of aluminum. 
were all geometrically s imilar  and had ratios of major to minor diameters 
(base to height) of 6 to 1. 

The ellipsoidal bottoms of the cylindrical tanks 

?Numbers in brackets denote references listed in Section VI  of this 
report  . 
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11. EXPERIMENTAL APPARATUS AND PROCEDURES 

The experimental setup used in the present tests was similar to 
that described in Ref. [4]. 
and two spherical  tanks used in the tests is shown in the top half of 
Figure 1, and a view of a cylindrical tank and a spherical tank in the 
dynamometer package (with its protective cover) is shown in the bottom 
half of the figure; in the actual experiments, of course, only one kind 
of tank is used in any one test. 

A photograph of the four cylindrical tanks 

Experimental procedures, calibrations, and data reductions were 
the same a s  reported previously [ 21. Briefly, however, two tanks were 
used for each test;  one tank, empty and called the balance tank, was 
used to cancel the inertia of the other tank, containing the tes t  liquid and 
called the active tank, so  that the residual force felt by the dynamometer 
when the active tank was empty was very small. The sloshing force was 
detected by semiconductor s t ra in  gages (gage factor = 118) mounted on the 
tension-compression a r m s  of the dynamometer; the output of the gages 
was amplified, filtered, and recorded on an oscillograph. The excitation 
frequency, which could be maintained to the fourth significant figure of 
the period (in seconds), was determined with a digital period counter. 



111. RESULTS FOR CYLINDRICAL TANKS WITH 
INVERTED ELLIPSOIDAL BOTTOMS 
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There were two main objectives of this part of the experimental 
program: (1) measure the lateral slosh force for  the fundametal mode 
as a function of the excitation frequency and amplitude, and (2) measure 
the slosh damping in the bare-wall tanks. The parameters to be varied 
were the Bond number and the liquid depth. 

All the tests were run with g l a s s  tanks having aluminum bottoms 
and reagent grade liquids. 
the contact angle of all the liquids on the glass w a l l s  w a s  zero degrees, 
and the slosh wave appeared to approximate very well the "free edge" o r  
no contact angle hysteresis condition. 

As nearly as could be determined visually, 

A. Force Response 

Figures 2 thrcugh 6 show typical force response curves for CC14 
and methanol. 
case it was nearly identical to that of methanol.) The solid lines in the 
figures a r e  faired curves through the experimental data. Because, in 
the absence of a low-g theory for tanks of this geometry, no meaningful 
method of nondimensionalizing the slosh forces is  known, the curves 
a r e  given in dimensional t e rms ;  this should facilitate direct comparisons 
when a theory does become available. 
small excitation amplitudes, very little out-of-plane motion of the shake 

/ table, and the natural slosh damping allowed complete resonance curves 
to be obtained; that is, no liquid swirling at  i-escmance was evident. 

(The force response of acetone i s  not shown since in every 

Note that the combination of 

The range of Bond numbers, NBO = pgRg/T, covered in the figures 
is 100 (methanol in 1.36-in. diameter tank) to 14 (CC14 in 0.383-in. diam- 
e te r  tank). 
a r e  always the same;  1.25, 0.50, and 0.25. t In Figure 6, corresponding 
to a tank diameter of 0.383 in. and NBo = 14, the mass  of liquid in the 
tank for  h /d  = 0.25 w a s  s o  small  that the output force signal was not 
large enough to give good readings on the oscillograph; thus, h /d  = 0.375 
was substituted here .  
e te r  and recording, system will overcome this handicap. 
given in the figures include the amplitude of tank excitation (xo, inches), 
the resonant frequency ( f l ,  cps) determined by the peak in the response 
curve, the slosh damping coefficient (7,) determined by the half-bandwidth 
technique, and the wave height (6,  inches) at resonance. 

Except in Figure 6,  the values of h/d shown in the figures 

It is felt that further improvements in the dynamom- 
Other data 

t h  is  the depth of liquid f rom the bottom of the curved meniscus to the top 
of the inverted ellipsoidal bottom. 
h by an  amount equal to (m t 0.132P)d where P is the root of 
P ~ N ~ ~  - P - 2 / 3  = 0 .  

The average liquid depth is larger  than 

a 
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The response curves a r e  reasonably linear (that i s ,  doubling xo 
doubles the forces) except that they a r e  slightly "softening" inasmuch as 
f l  decreases with increased xo; also, ys depends slightly on xo. 

B. Natural Frequency 

The excitation frequency at  which the maximum force occurs can 
be determined from the response curves. 
differs from the "natural" frequency by an amount which depends on the 
damping. 
mass-spring-dashpot system, a model known to be correct  for a wide 
variety of sloshing motions, the resonant frequency and the natural f re  - 
quency a r e  related through the equation 

This "resonant" frequency 

Assuming that a suitable equivalent mechanical model is a 

*: 
in which f l  is the resonant frequency, f l  the natural frequency, and ys 
the damping coefficient. The nondimensional natural frequency param- 
e te r  (21~f?)~R,/g computed using Eq. ( 1 )  is shown for all  the tes ts  in the 
las t  column of Table I on the next page. 
between (2afl)'Ro/g and (21Tf;)2Ro/g i s  small  for the large tanks but 
noticeable for the smaller tanks. . 

As can be seen, the difference 

The frequency parameter,  ( 2 ~ r f ~ ) ~ R ~ / g ,  a s  a function of Bond 
number and h /d  is also shown graphically in Figure 7 ,  in which the solid 
curves a r e  faired through the data. 
xo, the frequencies plotted on the graph a r e  always for the smallest  
value of xo, whenever a choice existed. For  comparison purposes, 
values of (27rfl) Ro/g for NBO = 00 and flat bottom tanks a r e  also shown 
on the figure. 

Because f'f decreases with increasing 

* 2  

The experimental natural frequency generally increases  as the 
Bond number decreases,  although the increase i s  not s o  great  a s  occurs 
in flat bottom tanks [ 2,4] . In fact, a t  h/d = 1.25, for which the liquid 
depth is large enough that one would expect no differences between flat 
and inverted ellipsoidal bottoms, the experimental frequency is la rger  
than the flat  bottom NBO = co limit only for NBO < 14; in flat bottom 
tanks [ 41 , however, the frequency equals this NB0 = 00 limit a t  about 
NBO = 40 and is about 8% larger  at NBO = 14. 
the reasons for this discrepancy between the two results.  

It is difficult to rationalize 

C. Slosh Damping 

The slosh damping coefficient was dete m i n e d  by the half-bandwidth 
The damping technique for all the tes ts ,  with the results shown in Table I. 

coefficient, ys, for h /d  = 1.25 is also shown graphically on Figure 8 
as a function of the Galileo number, NGA = v-1R2/2g1/2; for comparison 
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purposes, the equation ys  = 0.83 N&lA/', which is known to correlate 
damping data for l a r g e  Bond numbers, is also shown. The present values 
of ys a r e  substantially la rger  than this equation predicts, and the difference 
between the two increases a s  the Bond number decreases.  (ys = O .  83NGA 
was originally formulated only for tanks with flat bottoms, but it should be 
valid when h /d  > 1.0 for a cylindrical tank having any form of bottom. 
Further,  the present definition of NGA is the usual one employed for large 
Bond number tes ts  and not the modified form, NGA = 4.62 v-IR$fT, pro- 
posed in our Technical Report No. 5, Ref. [ 41 , The reasons for the 
change a r e  that the difference between the two definitions for NBO > 10 
i s  small and that the numerical constant multiplying the form v-1Rgff is 
a function of h /d . )  
the present data were compared to the correlation equation proposed in 
Technical Report No. 5, Ref. [ 41, which i s  

-1 /2 

To determine the kind of variation of ys  with NBO, 

The comparison i s  shown in Figure 9;  i t  can be seen Eq. (2) does 
correlate the data very well. 

The numerical constant A in the correlation equationys = A N G y 2  
i s  not known for  large Bond numbers, and h /d  = 0.50 or h/d = 0.25. 
by testing a number of different correlation equations, i t  was found that 
the experimental data could always be correlated by equations similar to 
Eq. (2). 

But, 

The best fit f o r  h / d  = 0.50 i s  given by 

ys  = 1.23 NCy2(1 +2 .20NBd 3 5  ) 

while, for h /d  = 0.25, i t  is 

(3)  

These equations a r e  shown plptted against the data in Figures 10 and 11; 
a s  can be seen, the correlation is fairly close. 

As stated previously, the large Bond number correlation equations 
for  tanks with inverted ellipsoidal bottoms a r e  not known, but the ones 
for  flat bottom tanks a r e  given in Ref. [ 
numerical constant which multiplies 

, and they predict that the 
decreases  slightly as h /d  

decreases .  Here, however, the proportionally la rger  amount of viscous 
flow interference introduced by the inverted ellipsoidal bottom is reflected 
in an increase of the numerical constant as h /d  decreases .  
that the effect of NBO is l e s s  for small than it is for large h/d.  
more,  althoughEqs. ( Z ) ,  (3), and (4) give a close correlation for the 
range of NBO tested, they cannot be cor rec t  a s  N ~ 0 - 0  since they a l l  p re-  
dict that y s - ~ ,  which is known not be the case [ 61 

Note, also, 
Further-  



IV. RESULTS FOR SPHERICAL TANKS 
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The objectives of this part of the program were the same as those 
for  the cylindrical tank, namely, to measure the la teral  slosh force and 
slosh damping as functions of the Bond number and the liquid depth. 
Because of fabrication requirements , the spherical tanks were machined 
from aluminum instead of from glass,  and, for this reason, visual obser- 
vations of the slosh behavior were impossible; nonetheless, the force 
response curves still indicate that here. also the "free edge" condition 
held; likewise, the contact angle of the reagent grade liquids on the 
aluminum walls was still zero degrees. 

Since the amount of liquid contained in a spherical tank is less  than 
that in a cylindrical tank of equal diameter and, consequently, the slosh 
forces a r e  smaller and more difficult to measure,  the smallest  spherical 
tank used in the tests was 1.04-in. diameter. The lowest Bond number, 
however, was 43 instead of 60, which is the value obtained when NBO is 
based on the tank diameter because,the actual diameter of the f ree  surface 
is always less  than the tank diameter unless the tank is exactly half-full. 
(Basing the Bond number on the free  surface diameter, and not on the 
tank diameter, is the proper way to  define NBo since the surface tension 
forces depend only on the size of the free  surface and not on the size of 
the tank. ) For  both the 1.36 and the 1.04-in. diameter tank used in the 
tes ts ,  the liquid depth-to-tank diameter ratios were always 3/4, 1 / 2 ,  or 
1 / 4 t .  Table I1 gives the necessary information for converting h,/d to 
the ratio of f ree  surface diameter (dfs) to tank diameter (d) and to percent 
fullness of the tank. 

TABLE 11. DIAI\/LETER OF FREE SURFACE AND 
PERCENTAGE FULLNESS OF TANK' 

0.25 

df s Id 

0.866 

0.50 1.000 

0.75 0.888 

70 Full 

15.6 

50.0 

84.4 

%%:Because measurements of the liquid depth below the meniscus could not 
be obtained here ,  the "liquid depth" for spherical tanks is the average 
depth, hav, the distance from the tank bottom to a hypothetical, flat, f ree  
surface enclosing the same actual liquid volume as used in the tests.  
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Even though the Bond numbers for hav/d = 0.25 and 0.75 a r e  the 
same, the curvature of the free  surface for hav/d = 0.75 is greater than 
for hav/d = 0.25 (as shown in the following sketch) because of the necessity 

I 

of maintaining the condition of zero-degree contact angle. 
same Bond number might be expected to have different effects for different 
liquid ievels. 

Thus, the 

A. Force Response 

Figures 12 through 16 show typical force response curves for CC14, 
methanol, and acetone. 
diameter tank is the same as that for methanol or  acetone in the 1.36-in. 
diameter tank; thus, the results for  CCl4 in this tank are not shown, 
although the natural frequency and slosh damping were  determined and 
will be discussed later.  ) The solid lines in the figures a r e  faired curves 
through the experimental data, and, once again, the curves have not been 

(The Bond number of CC14 in the 1.04-in. 
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nondimensionalized in any way. 
a r e  always shown at twice the indicated scales since otherwise these 
curves would be too small  to be legible. 

Note that the forces for hav/d = 0.25 

The range of Bond numbers covered in the figures is 175 (CC14 
in 1.36-in. tank, h,/d = 0.50) to 43 (acetone in 1.04-in. tank, h,/d = 
0.25 o r  0.75). Other data given in the figure include the amplitude of 
tank excitation (xo, inches), the resonant frequency ( f l ,  cps),  and the 
slosh damping coefficient (Ts). 
observed visually, the wave height at resonance could not be determined. 

Because the slosh wave could not be 

The force response, once again, is reasonably linear. It can be 
seen that the largest forces for any given tank, liquid, and xo always 
occur for hav/d = 0.50, which is in agreement with large Bond number 
results; this is caused by the slosh mass in the equivalent mechanical 
model having its largest  value at hav/d = 0.50. The absolute magnitudes 
of the peak slosh forces were compared with the predictions of the large 
Bond number mechanical model given in Ref. [ 5 ] t ,  and it was found that 
the experimental forces agreed to within *lo% of the large NBO predic- 
tions; this is  also approximately the change in slosh force experienced in 
cylindrical tanks when going from la rge  to moderately small  Bond 
numbers. 
spherical tanks, and, thus, these experimental conclusions cannot be 
checked . 

There is ,  as yet, no theory for small  Bond number sloshing in 

The response curves, while reasonably linear, a re  not quite so  
linear as the similar curves for cylindrical tanks. Further ,  for hav/d = 
0.75, the curves a r e  nonlinear softening, while, for h,/d = 0.25, they 
a r e  nonlinear hardening (i. e . ,  the resonant frequency increases with 
excitation amplitude for hav/d = 0.25). 

B. Natur a1 Frequency 

The resonant frequencies determined from the force response 
curves were corrected for the effects of damping by the same method as 
described in Section III. The results for all the tes ts  a r e  shown in the 
last column of Table 111, as well a s  graphically in Figure 17 for the 
smallest  xo whenever a choice existed. The natural frequency parameters 
for NBO = 00 and h /d  = 0.75, 0.50, and 0.25 are also shown on this figure 
for purposes of comparison. 
through the test data. 

The solid lines in the figure a r e  faired curves 

TThe label on the slosh mass  curve in Figure 6.7 of [51 is incorrect, as 
is also the original curve in the reference from which the figure was 
adapted; instead of m l / m T ,  the curve should be labeled rnl / rnpuLL.  
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It can be seen that the data points a r e  consistent since, fo r  equal Bond 
2 numbers, the experimental values of (27rfT) Ro/g obtainedwith any of the 

liquid- tank combinations a r e  very nearly the same. But, the same Bond num- 
be rhas  a significantly different effect for differentliquidlevels. This canbe 
understoodin te rms  of the f r ee  surface curvature and the surface tension; for 
the same curvature, anincreasein surface tensionincreases the naturalfre- 
quency, but, for the same surface tension, anincreasein f ree  surface curvature 
decreases the natural frequency, which may be deduced from the theory 
given for cylindrical tanks in Ref. 21. Since the curvature of the free  
surface in a spherical tank increases as the liquid level increases while 
(for the same liquid) the surface tension is constant, the effect of f ree  
surface curvature on the natural frequency increases as  the liquid level 
increases, In the case of hav/d = 0.25, the effects of curvature and sur -  
face tension appear nearly to balance over the entire range of Bond num- 
bers  considered so that (2nf'i)2RO/g is  nearly constant and independent of 
NBO. For  hav/d = 0.75, however, the curvature effects predominate so 
that the natural frequency decreases as the Bond number decreases;  in 
fact, for NBO = 45, the natural frequency parameter is about 2070 less 
than the large Bond number frequency calculated for the same Ro and g. 
This is about twice the change found in cylindrical tanks for the same 
NB0; furthermore, the frequency in spherical tanks is never greater than 
the l a r g e  Bond limit, which also is in contrast to the results from cylin- 
drical  tanks. Nonetheless, for very small  NBO, the curves must slope 
upward and approach infinity; otherwise, a value of f; equal to zero would 
be predicted as g-0. 
the range of the present tests.  

- 

Such small  values of NBO a r e  completely out of 

6. Slosh Damping 

The slosh damping coefficient Ys for all the tes ts  with spherical 
tanks was determined by the half-bandwith technique; the results a r e  
shown in the seventh column of Table III. 
case the minimum damping is obtained when the tank is half-full: 
0.50. Further ,  the damping coefficient for hav/d = 0.25 is always the 
largest and is, for any given tank and liquid, about 5070 larger  than the 
damping for hav/d = 0.75, which in turn is about 10 to 2070 larger  than the 
damping for  hav/d = 0.50. Similar results have been found for large 
Bond number sloshing in spherical tanks [5], but, in that case,  7, for 
hav/d = 0.75 and 0.25 were about equal; thus, once again, the effects of 
the differences in f r ee  surface curvature for hav/d = 0.75 and 0.25 for 
small  Bond number sloshing are evident. 

The results show that in every 
hav/d = 

It is also evident f rom Table I11 that, generally, 7, increases both 
as NGf increases o r  as NBO decreases.  However, the range of N&Y2 
and NBo is not large enough to determine a correlation equation for 
these data, Several equations were  attempted, but none seemed to f i t  the 
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data as well as the corresponding equations for cylindrical tanks given in 
Section 111. Regardless of this, the damping factor in larger  tanks can 
be estimated for constant NBO by modifying the data in Table I11 according 
to N - l / '  scaling; that is, the damping in a large tank is approximately GA 

when NBO in the large tank is the same as in the small  tanks used in 
our tests.  
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V. CONCLUSIONS 

The results of the experimental program with cylindrical tanks 
having ellipsoidal bottoms show that the sloshing behavior for small Bond 
numbers is qualitatively similar to that occurring for very large Bond 
numbers. The main differences between the two types of sloshing are :  
(1) the natural  frequency for small NBO sloshing increases as NBO decreases;  
and (2)  the damping coefficient, y s ,  is larger for small  NBO than for large 
NBO sloshing. It was found that the damping coefficient could be computed 
with sufficient accuracy by 

ys  = 0.83 N;;X/’(l t 8.20 NGL-5); h / d  - > 1.25 

7,  = 1.23 N & y 2  (1 + 2 .20  N&5); h / d  = 0.50 

7, = 1.65 N&A 1 / 2  (1  + 1 . 2 2  N 6 Y 5 ) ;  h /d  = 0.25 

The spherical tank results w e r e  also in qualitative agreement with 
large Bond number sloshing. Here, however, the natural frequency 
decreases as NBo decreases (in the range NBO > 43) because of free su r -  
face curvature effects that a r e  accentuated for liquid depths grea te r  than 
one-half the diameter;  in fact when hav/d = 0.75, the natural frequency 
for NBo =: 45 i s  20% l ess  than the natural frequency for NBO = 00. The 
slosh mass in the equivalent mechanical model also varies with NBo, 
although, in the present tests,  the variation was never more than about 
f 10% of the large NBO value. 

There a r e ,  a t  present, no theoretical results available to compare 
with our experimental data. These theories, however, would be very 
useful in  understanding the experimental results,  especially as concerns 
spherical tanks in which significant differences between small and large 
NBO sloshing are evident, even for NBO = 45. 
such theories, therefore, be developed in the near future. 

It is  recommended that 
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Figure 1. Tanks And Dynamometer Used In  Tests 
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